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(α, β)-intuitionistic fuzzy left (right)
a b s t r a c t
In this paper, we introduce the concept of (α, β)-intuitionistic fuzzy sub-hemiring, (left,
right, two sided) ideals of hemirings, where α, β are any two of {∈, q,∈ ∨q,∈ ∧q} with
α ≠ ∈ ∧q, by using belongs to relation (∈) and quasi-coincidencewith relation (q) between
intuitionistic fuzzy points and intuitionistic fuzzy sets, and investigate related properties.
Moreover, we define prime(semiprime) (α, β)-intuitionistic fuzzy ideals of hemirings and
investigate some different properties of these ideals.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The notion of semiring was introduced by Vandiver in 1934 [1]. Semirings which provide a common generalization of
rings and distributive lattices appear in a natural manner in some applications to the theory of automata, formal languages,
optimization theory and other branches of applied mathematics (see for example [2,3]). Hemirings, as semirings with
commutative addition and zero element, have also proved to be an important algebraic tool in theoretical computer science
(see for instance [4,5]). Some other applications of semirings with references can be found in [5–7]. On the other hand, the
notions of automata and formal languages have been generalized and extensively studied in a fuzzy frame work [8,9]. Many
aspects of the theory of matrices and determinants over semirings have been studied by Beasley et al. in [10,11], Tan in
[12,13], and others. We note that the ideals of hemirings play a central role in the structure theory, however, they do not in
general coincide with the usual ring ideals of a ring.
The fundamental concept of fuzzy set is a mapping from non-empty set S to unit closed interval i.e, f : S −→ [0, 1]
was published by Zadeh in his paper [14] in 1965, was applied to generalize some of the basic concepts of algebra. The
fuzzy algebraic structures play a prominent role in mathematics with wide applications in many other branches such as
theoretical physics, computer science, control engineering, information sciences, coding theory, topological spaces, logic,
set theory, group theory, groupoids, real analysis, measure theory etc. The fuzzy concept of a group was applied for the
first time by Rosenfeld in his definitive paper [15] in 1971. Ahsan et al. introduced the concept of fuzzy semiring in his
paper [16]. Fuzzy k-ideals of semirings were studied by many authors, for example [17,18]. Fuzzy h-ideals of hemiring were
studied in [19]. In [20], Ahsan characterized semirings by the properties of fuzzy ideals and obtained some characterization
results. Recently, in [21] Dudek et al. have introduced the notion of (α, β)-fuzzy ideal and (α, β)-fuzzy h-ideal in hemiring.
In [22], Jun has written a note on (α, β)-fuzzy h-ideal in hemiring. Davvaz [23] used this concept in theory to near-rings
and obtained some new results and later, Davvaz and Corsini [24] redefined the fuzzy Hv-submodule and many-valued
implications. Recently, Davvaz et al. [25] have considered the concept of interval-valued (α, β)-fuzzy Hv-submodules of
Hv-modules. Recently, Aslam et al. [26] have initiated the concept of (α, β)-fuzzy Γ -ideals of Γ -LA-semigroups and have
given some characterization of Γ -LA-semigroups by (α, β)-fuzzy Γ -ideals.
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The idea of intuitionistic fuzzy set was first published by Atanassov in his pioneer papers [27,28] as generalization of the
notion of fuzzy sets. Atanassov, written a book of intuitionistic fuzzy set [29] of 1999. Gau and Buehre in [30], presented
the concept of vague sets. But, Burillo and Bustine in [31], have shown that the notion of vague sets coincides with that of
intuitionistic fuzzy sets. Recently, in [32,33], Dudek has introduced the notion of intuitionistic fuzzy h-ideal and intuitionistic
fuzzy left h-ideal in Hemiring. Coker and Demirci [34] introduced the notion of intuitionistic fuzzy point. Jun [35] introduced
the notion of (Φ,Ψ )-intuitionistic fuzzy subgroup where Φ,Ψ are any two of {∈, q,∈ ∨q,∈ ∧q} with Φ ≠ ∈ ∧q, and
related properties are investigated. Recently Aslam and Abdullah have introduced (Φ,Ψ )-intuitionistic fuzzy ideals of
semigroups [36].
In this paper, we introduce the concept of (α, β)-intuitionistic fuzzy sub-hemiring, (left, right, two sided) ideals of
hemirings, where α, β are any one of {∈, q,∈ ∨q,∈ ∧q} with α ≠ ∈ ∧q, by using belongs to relation (∈) and quasi-
coincidence with relation (q) between intuitionistic fuzzy points and intuitionistic fuzzy sets, and investigate related
properties. Moreover, we define prime(semiprime) (α, β)-intuitionistic fuzzy ideals of hemirings and investigate some
different properties of these ideals. In this respect, we show that let A = ⟨µA, λA⟩ be an IFS in hemiringH . Then, A = ⟨µA, λA⟩
is an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring (resp. left, right) ideal of H if and only if [A](t,s) ≠ Φ is a sub-hemiring
(resp. left, right) ideal of H .
2. Preliminaries
A semiring is an algebraic system (R,+, ·) consisting of a non-empty set R together with two binary operations addition
‘‘+’’ and multiplication ‘‘·’’ such that (R,+) and (R, ·) are semigroups connecting the two algebraic structures are the
distributive laws: a · (b + c) = a · b + a · c and (b + c) · a = b · a + c · a for all a, b, c ∈ R. An element 0 ∈ R is
called a zero element of R if a + 0 = 0 + a = a and 0 · a = a · 0 = 0 for all a ∈ R. A semiring with zero and commutative
addition is called a hemiring. An element 1 ∈ R is called an identity element of R if 1 · a = a · 1 = a for all a ∈ R. If the
multiplication is commutative in a semiring R then R is called a commutative semiring. A non-empty subset A of a semiring
R is called a subsemiring of R if A is closed with respect to addition and multiplication. A non-empty subset I of a semiring
R is called a left (right) ideal of R if I is closed with respect to addition and RI ⊆ I(IR ⊆ I).I is called an ideal of R if it is both
a left and a right ideal of R.
Definition 1 ([16]). A fuzzy subset λ of a semiring R is called a fuzzy subsemiring of R if for all x, y ∈ R,
(1) λ(x+ y) ≥ min(λ(x), λ(y)).
(2) λ(xy) ≥ min(λ(x), λ(y)).
Definition 2 ([16]). A fuzzy subset λ of a semiring R is called a fuzzy left (right) ideal of R if for all x, y ∈ R,
(1) λ(x+ y) ≥ min(λ(x), λ(y)).
(2) λ(xy) ≥ λ(y)(λ(xy) ≥ λ(x)).
A fuzzy subset of Rwhich is both a fuzzy right and a fuzzy left ideal of R is called a fuzzy ideal of R.
Definition 3 ([27,28]). Let X be a non-empty fixed set. An intuitionistic fuzzy set (briefly, IFS) A is an object having the form
A = {⟨x, µA(x), γA(x)⟩ : x ∈ X}
where the functions µA : X −→ [0, 1] and γA : X −→ [0, 1] denote the degree of membership (namely µA(x)) and the
degree of non-membership (namely γA(x)) of each element x ∈ X to the set A, respectively, and 0 ≤ µA(x)+ γA(x) ≤ 1 for
all x ∈ X . For the sake of simplicity, we use the symbol A = (µA, γA) for the IFS A = {⟨x, µA(x), γA(x)⟩ : x ∈ X}.
Definition 4 ([34]). Let c be a point in a non-empty set X . If α ∈ (0, 1] and β ∈ [0, 1) are two real numbers such that
0 ≤ α + β ≤ 1, then the IFS
c(α, β) = ⟨x, cα, 1− c1−β⟩
is called an intuitionistic fuzzy point (IFP for short) in X , where α (resp, β) is the degree of membership (resp, non-
membership) of c(α, β) and c ∈ X is the support of c(α, β). Let c(α, β) be an IFP in X and let A = ⟨x, µA, λA⟩ be an IFS
in X . Then, c(α, β) is said to belong to A, written c(α, β) ∈ A, if µA(c) ≥ α and λA(c) ≤ β . We say that c(α, β) is quasi-
coincident with A, written c(α, β)qA, ifµA(c)+ α > 1 and λA(c)+ β < 1. To say that c(α, β) ∈ ∨qA (resp, c(α, β) ∈ ∧qA)
means that c(α, β) ∈ A or c(α, β)qA (resp, c(α, β) ∈ A and c(α, β)qA) and c(α, β) ∈ ∨qAmeans that c(α, β) ∈ ∨qA does
not hold.
Definition 5. An IFS A = ⟨µA, λA⟩ of S is called an intuitionistic fuzzy left (resp, right) ideal of H , if for all x, y ∈ H ,
(IFH1) µA(x+ y) ≥ min{µA(x), µA(y)},
(IFH2) λA(x+ y) ≤ max{λA(x), λA(y)},
(IFH3) µA(xy) ≥ µA(y) (resp, µA(xy) ≥ µA(x)),
(IFH4) λA(xy) ≤ λA(y) (resp, λA(xy) ≤ λA(x)).
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Proposition 1. Let A be a non-empty subset of a hemiring H. Then, an intuitionistic fuzzy set A = ⟨µA, λA⟩ defined by
µA(x) =





s1 if x ∈ A
s2 otherwise
where 0 ≤ t2 < t1 ≤ 1, 1 ≥ s2 > s1 ≥ 0, is an intuitionistic fuzzy left (right) ideal of H iff A is a left (right) ideal of H.
3. (α, β)-intuitionistic fuzzy ideals
Inwhat follows letH be a hemiring,α any one of∈, q,∈ ∨q andβ any one of∈, q,∈ ∨q,∈ ∧q unless otherwise specified.
Definition 6. An IFS A = ⟨µA, λA⟩ of H is called an (α, β)-intuitionistic fuzzy sub-hemiring of H if for all x, y ∈ H , t1, t2 ∈
(0, 1] and s1, s2 ∈ [0, 1)
(IH1) If x(t1, s1)αA, y(t2, s2)αA H⇒ (x+ y)(m{t1, t2},M{s1, s2})βA.
(IH2) If x(t, s)αA, y(t2, s2)αA H⇒ (xy)(t, s)βA.
Definition 7. An IFS A = ⟨µA, λA⟩ ofH is called an (α, β)-intuitionistic fuzzy left (resp, right) ideal ofH if for all x, y ∈ H , t ∈
(0, 1] and s ∈ [0, 1)
(IH3) If x(t1, s1)αA, y(t2, s2)αA H⇒ (x+ y)(m{t1, t2},M{s1, s2})βA.
(IH4) If x(t, s)αA, y ∈ H H⇒ (yx)(t, s)βA resp, (xy)(t, s)βA.
An intuitionistic fuzzy set which is an (α, β)-intuitionistic fuzzy left and right ideal of H is called an (α, β)-intuitionistic
fuzzy ideal of H .
In the theory of (α, β)-intuitionistic fuzzy ideals the central role is played by (α,∈ ∨q)-intuitionistic fuzzy ideals,
especially (∈,∈ ∨q)-intuitionistic fuzzy ideals.
Theorem 1. Let A = ⟨µA, λA⟩ be an (α, β)-intuitionistic fuzzy left (resp, right) ideal of H. Then, the set H(0,1) = {x ∈ H :
µA(x) > 0 and λA(x) < 1} ≠ Φ is a left (resp, right) ideal of H.
Proof. Let x, y ∈ H(0,1). Then,µA(x) > 0 and λA(x) < 1,µA(y) > 0 and λA(y) < 1. Assume thatµA(x+y) = 0 and λA(x+y)
= 1. If α ∈ {∈,∈ ∨q}, then
x(µA(x), λA(x))αA and y(µA(y), λA(y))αA but
(x+ y)(m{µA(x), µA(y)}, M{λA(x), λA(y)}) βA,
for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Also x(1, 0)qA and y(1, 0)qA but (x + y)(1, 0)βA for every β ∈ {∈, q,∈
∨q,∈ ∧q}, a contradiction. Thus, µA(x+ y) > 0 and λA(x+ y) < 1. Therefore, x+ y ∈ H(0,1).
Let x ∈ H(0,1) and y ∈ H . Then,µA(x) > 0 and λA(x) < 1. Suppose thatµA(xy) = 0 and λA(xy) = 1 and let α ∈ {∈,∈ ∨q}.
Then, x(µA(x), λA(x))αA but (xy)(µA(x), λA(x))βA for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Also, x(1, 0)αA but
(xy)(1, 0)βA for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Thus, µA(xy) > 0 and λA(xy) < 1. Therefore, xy ∈ H(0,1).
Similarly, yx ∈ H(0,1). This completes the proof. 
Theorem 2. Let A = ⟨µA, λA⟩ be an (α, β)-intuitionistic fuzzy sub-hemiring of H. Then, the set H(0,1) = {x ∈ H : µA(x) >
0 and λA(x) < 1} ≠ Φ is a sub-hemiring of H.
Proof. Let x, y ∈ H(0,1). Then, obviously x + y ∈ H(0,1). Now, let x, y ∈ H(0,1). Then, µA(x) > 0 and λA(x) < 1, µA(y) > 0
and λA(y) < 1. Assume that µA(xy) = 0 and λA(xy) = 1. If α ∈ {∈,∈ ∨q}, then
x(µA(x), λA(x))αA and y(µA(y), λA(y))αA but
(xy)(m{µA(x), µA(y)}, M{λA(x), λA(y)}) βA,
for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Also, x(1, 0)qA and y(1, 0)qA but (x + y)(1, 0)βA for every β ∈ {∈, q,∈
∨q,∈ ∧q}, a contradiction. Thus, µA(xy) > 0 and λA(xy) < 1. Therefore, xy ∈ H(0,1). 
Theorem 3. If S is a sub-hemiring of H, then an IFS A = ⟨µA, λA⟩ of H such that
(1) µA(x) ≥ 0.5 and λA(x) ≤ 0.5 for x ∈ S,
(2) µA(x) = 0 and λA(x) = 1 otherwise.
Then, A = ⟨µA, λA⟩ is an (α,∈ ∨q)-intuitionistic fuzzy sub-hemiring of H.
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Proof. (a): Let x, y ∈ H and t1, t2 ∈ (0, 1], s1, s2 ∈ [0, 1) be such that x(t1, s1), y(t2, s2) ∈ A. Then, µA(x) ≥ t1 and
λA(x) ≤ s1, µA(y) ≥ t2 and λA(y) ≤ s2. Thus, x, y ∈ S and so x + y ∈ S, that is µA(x + y) ≥ 0.5 and λA(x + y) ≤ 0.5.
If m{t1, t2} ≤ 0.5 and M{s1, s2} ≥ 0.5, then µA(x + y) ≥ 0.5 ≥ m{t1, t2} and λA(x + y) ≤ 0.5 ≤ M{s1, s2}. Hence,
(x+y)(m{t1, t2},M{s1, s2}) ∈ A. Ifm{t1, t2} > 0.5 andM{s1, s2} < 0.5, thenµA(x+y)+m{t1, t2} > 0.5+0.5 = 1 and
λA(x+ y)+M{s1, s2} < 0.5+ 0.5 = 1. Hence, (x+ y)(m{t1, t2},M{s1, s2})qA. Therefore, (x+ y)(m{t1, t2},M{s1, s2}) ∈
∨qA.
Now, let x, y ∈ H and t ∈ (0, 1], s ∈ [0, 1) be such that x(t1, s1), y(t2, s2) ∈ A. Then, µA(x) ≥ t1 and λA(x) ≤ s1,
µA(y) ≥ t2 and λA(y) ≤ s2. Thus, x, y ∈ S and so xy ∈ S, that is µA(xy) ≥ 0.5 and λA(xy) ≤ 0.5. If m{t1, t2} ≤ 0.5 and
M{s1, s2} ≥ 0.5, thenµA(xy) ≥ 0.5 ≥ m{t1, t2} andλA(x+y) ≤ 0.5 ≤ M{s1, s2}. Hence, (xy)(m{t1, t2},M{s1, s2}) ∈ A. If
m{t1, t2} > 0.5 andM{s1, s2} < 0.5, thenµA(xy)+m{t1, t2} > 0.5+ 0.5 = 1 and λA(xy)+M{s1, s2} < 0.5+ 0.5 = 1.
Hence, (xy)(m{t1, t2},M{s1, s2})qA. Therefore, (xy)(m{t1, t2},M{s1, s2}) ∈ ∨qA. Therefore, (xy)(t, s) ∈ ∨qA. Hence,
A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring of H .
(b): Let x, y ∈ H and t1, t2 ∈ (0, 1], s1, s2 ∈ [0, 1) be such that x(t1, s1), y(t2, s2)qA. Then,µA(x)+ t1 > 1 and λA(x)+ s1 < 1,
µA(y) + t2 > 1 and λA(y) + s2 < 1. Thus, x, y ∈ S and so x + y ∈ S, that is µA(x + y) ≥ 0.5 and λA(x + y) ≤ 0.5.
If m{t1, t2} ≤ 0.5 and M{s1, s2} ≥ 0.5, then µA(x + y) ≥ 0.5 ≥ m{t1, t2} and λA(x + y) ≤ 0.5 ≤ M{s1, s2}. Hence,
(x+y)(m{t1, t2},M{s1, s2}) ∈ A. Ifm{t1, t2} > 0.5 andM{s1, s2} < 0.5, thenµA(x+y)+m{t1, t2} > 0.5+0.5 = 1 and
λA(x+ y)+M{s1, s2} < 0.5+ 0.5 = 1. Hence, (x+ y)(m{t1, t2},M{s1, s2})qA. Therefore, (x+ y)(m{t1, t2},M{s1, s2}) ∈
∨qA.
Now, let x, y ∈ H and t1, t2 ∈ (0, 1], s1, s2 ∈ [0, 1) be such that x(t1, s1), y(t2, s2)qA. Then, µA(x) + t1 > 1 and
λA(x)+ s1 < 1, µA(y)+ t2 > 1 and λA(y)+ s2 < 1. Thus, x, y ∈ I and so xy ∈ I , that is µA(xy) ≥ 0.5 and λA(xy) ≤ 0.5.
If m{t1, t2} ≤ 0.5 and M{s1, s2} ≥ 0.5, then µA(xy) ≥ 0.5 ≥ m{t1, t2} and λA(xy) ≤ 0.5 ≤ M{s1, s2}. Hence,
(xy)(m{t1, t2},M{s1, s2}) ∈ A. If m{t1, t2} > 0.5 and M{s1, s2} < 0.5, then µA(xy) + m{t1, t2} > 0.5 + 0.5 = 1 and
λA(xy) + M{s1, s2} < 0.5 + 0.5 = 1. Hence, (xy)(m{t1, t2},M{s1, s2})qA. Therefore, (xy)(m{t1, t2},M{s1, s2}) ∈ ∨qA.
Hence, A = ⟨µA, λA⟩ is an (q,∈ ∨q)-intuitionistic fuzzy sub-hemiring of H . The remaining part of the proof is a
consequence of (a) and (b). This completes the proof. 
Theorem 4. If I is a left ideal of H, then an IFS A = ⟨µA, λA⟩ of H such that
(1) µA(x) ≥ 0.5 and λA(x) ≤ 0.5 for x ∈ I ,
(2) µA(x) = 0 and λA(x) = 1 otherwise.
Then, A = ⟨µA, λA⟩ is an (α,∈ ∨q)-intuitionistic fuzzy left ideal of H.
Proof. (a): Let x, y ∈ H and t1, t2 ∈ (0, 1], s1, s2 ∈ [0, 1) be such that x(t1, s1), y(t2, s2) ∈ A. Then, µA(x) ≥ t1 and
λA(x) ≤ s1, µA(y) ≥ t2 and λA(y) ≤ s2. Thus, x, y ∈ I and so x + y ∈ I , that is µA(x + y) ≥ 0.5 and λA(x + y) ≤ 0.5.
If m{t1, t2} ≤ 0.5 and M{s1, s2} ≥ 0.5, then µA(x + y) ≥ 0.5 ≥ m{t1, t2} and λA(x + y) ≤ 0.5 ≤ M{s1, s2}. Hence,
(x+y)(m{t1, t2},M{s1, s2}) ∈ A. Ifm{t1, t2} > 0.5 andM{s1, s2} < 0.5, thenµA(x+y)+m{t1, t2} > 0.5+0.5 = 1 and
λA(x+ y)+M{s1, s2} < 0.5+ 0.5 = 1. Hence, (x+ y)(m{t1, t2},M{s1, s2})qA. Therefore, (x+ y)(m{t1, t2},M{s1, s2}) ∈
∨qA.
Now, let x, y ∈ H and t ∈ (0, 1], s ∈ [0, 1) be such that y(t, s) ∈ A. Then, µA(y) ≥ t and λA(y) ≤ s. Thus, y ∈ I and
x ∈ H , and so xy ∈ I . Since I is left ideal of H . ConsequentlyµA(xy) ≥ 0.5 and λA(xy) ≤ 0.5. If t ≤ 0.5 and s ≥ 0.5, then
µA(xy) ≥ 0.5 ≥ t and λA(xy) ≤ 0.5 ≤ s and so (xy)(t, s) ∈ A. If t > 0.5 and s < 0.5, then µA(xy)+ t > 0.5+ 0.5 = 1
and λA(xy)+ s < 0.5+ 0.5 = 1 and so (xy)(t, s)qA. Therefore, (xy)(t, s) ∈ ∨qA. Hence, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-
intuitionistic fuzzy left ideal of H .
(b): Let x, y ∈ H and t1, t2 ∈ (0, 1], s1, s2 ∈ [0, 1) be such that x(t1, s1), y(t2, s2)qA. Then,µA(x)+ t1 > 1 and λA(x)+ s1 < 1,
µA(y) + t2 > 1 and λA(y) + s2 < 1. Thus, x, y ∈ I and so x + y ∈ I , that is µA(x + y) ≥ 0.5 and λA(x + y) ≤ 0.5.
If m{t1, t2} ≤ 0.5 and M{s1, s2} ≥ 0.5, then µA(x + y) ≥ 0.5 ≥ m{t1, t2} and λA(x + y) ≤ 0.5 ≤ M{s1, s2}. Hence,
(x+y)(m{t1, t2},M{s1, s2}) ∈ A. Ifm{t1, t2} > 0.5 andM{s1, s2} < 0.5, thenµA(x+y)+m{t1, t2} > 0.5+0.5 = 1 and
λA(x+ y)+M{s1, s2} < 0.5+ 0.5 = 1. Hence, (x+ y)(m{t1, t2},M{s1, s2})qA. Therefore, (x+ y)(m{t1, t2},M{s1, s2}) ∈
∨qA.
Now, let x, y ∈ H and t ∈ (0, 1], s ∈ [0, 1) be such that y(t, s)qA. Then, µA(y) + t > 1 and λA(y) + s < 1. Thus,
y ∈ I and x ∈ H , which implies xy ∈ I . Since I is left ideal of H . Consequently µA(xy) ≥ 0.5 and λA(xy) ≤ 0.5. If
t ≤ 0.5 and s ≥ 0.5, then µA(xy) ≥ 0.5 ≥ t and λA(xy) ≤ 0.5 ≤ s and so (xy)(t, s) ∈ A. If t > 0.5 and s < 0.5,
then µA(xy) + t > 0.5 + 0.5 = 1 and λA(xy) + s < 0.5 + 0.5 = 1 and so (xy)(t, s)qA. Therefore, (xy)(t, s) ∈ ∨qA.
Hence A = ⟨µA, λA⟩ is an (q,∈ ∨q)-intuitionistic fuzzy left ideal of H . The remaining is a consequence of (a) and (b).
This completes the proof. 
Theorem 5. If I is a left ideal of H, then an IFS A = ⟨µA, λA⟩ of H such that
(1) µA(x) ≥ 0.5 and λA(x) ≤ 0.5 for x ∈ I ,
(2) µA(x) = 0 and λA(x) = 1 otherwise.
Then, A = ⟨µA, λA⟩ is an (α,∈ ∨q)-intuitionistic fuzzy right ideal of H.
Proof. It follows from Theorem 4. 
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The following example shows that A = ⟨µA, λA⟩ is not an (α, β)-intuitionistic fuzzy left ideal of H .
Example 1. Consider the set H = {0, 1, a, b, c} and two binary operation defined by the following tables.
+ 0 1 a b c
0 0 1 a b c
1 1 b 1 a 1
a a 1 a b a
b b a b 1 b
c c 1 a b c
· 0 1 a b c
0 0 0 0 0 0
1 0 1 a b c
a 0 a a a c
b 0 b a 1 c
c 0 c c c 0
Then, clearly (H,+, ·) is a hemiring and I = {0, a, c} is an ideal. According to Theorem 4, an IFS A = ⟨µA, λA⟩ of H such
that µA(0) = 1, µA(a) = µA(b) = 0.6 and µA(0) = 0, µA(a) = µA(b) = 0.4. For this IFS A = ⟨µA, λA⟩, let 0.3 ∈
(0, 1], 0.7 ∈ [0, 1). Then a(0.3, 0.7) ∈ Abut a(0.3, 0.7)qA. Thus a(0.3, 0.7) ∈ ∨qAbut (a+a)(m{0.3, 0.3}, M{0.7, 0.7}) =
a(0.3, 0.7)qA. This means that A = ⟨µA, λA⟩ is not an (α, β)-intuitionistic fuzzy ideal of H .
4. (∈,∈ ∨q)-intuitionistic fuzzy ideals
Definition 8. Let A = ⟨µA, λA⟩ be IFS in H . Then, A = ⟨µA, λA⟩ is called an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring of
H if
(IH5) If x(t1, s1) ∈ A, y(t2, s2) ∈ A H⇒ (x+ y)(m{t1, t2},M{s1, s2}) ∈ ∨qA.
(IH6) If x(t, s) ∈ A, y(t2, s2) ∈ A H⇒ (xy)(t, s) ∈ ∨qA.
Definition 9. Let A = ⟨µA, λA⟩ be IFS in H . Then, A = ⟨µA, λA⟩ is called an (∈,∈ ∨q)-intuitionistic fuzzy left(resp, right)
ideal of H if
(IH7) If x(t1, s1) ∈ A, y(t2, s2) ∈ A H⇒ (x+ y)(m{t1, t2},M{s1, s2}) ∈ ∨qA.
(IH8) If x(t, s) ∈ A, y ∈ H H⇒ (yx)(t, s) ∈ ∨qA (resp, (xy)(t, s) ∈ ∨qA).
An IFS A = ⟨µA, λA⟩, which is both (∈,∈ ∨q)-intuitionistic fuzzy left and right ideal of H is called an (∈,∈ ∨q)-
intuitionistic fuzzy ideal of H .
Example 2. Consider the hemiring (N◦,+, ·), where N◦ is the set of all non-negative integers. Define an intuitionistic fuzzy
set A = ⟨µA, λA⟩ of N◦ by
µA =
0.7 if x ∈ ⟨4⟩
0.9 if x ∈ ⟨2⟩ − ⟨4⟩
0.4 otherwise
λA =
0.2 if x ∈ ⟨4⟩
0.1 if x ∈ ⟨2⟩ − ⟨4⟩
0.5 otherwise.
Once can easily check that A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy left ideal of N◦.
Theorem 6. An IFS A = ⟨µA, λA⟩ of H is an (∈,∈)-intuitionistic fuzzy left(resp, right) ideal of H if and only if it is an intuitionistic
fuzzy left(resp, right) ideal of H.
Proof. Let A = ⟨µA, λA⟩ be an (∈,∈)-intuitionistic fuzzy left ideal of H and x, y ∈ H . If µA(x) = 0 and λA(x) = 1 or
µA(y) = 0 and λA(y) = 1, then
µA(x+ y) ≥ 0 = min{µA(x), µA(y)} and
λA(x+ y) ≤ 1 = max{λA(x), λA(y)}.
IfµA(x) = t1 ≠ 0 and λA(x) = s1 ≠ 1 orµA(y) = t2 ≠ 0 and λA(y) = s2 ≠ 1, then x(t1, s1), y(t2, s2) ∈ A and by assumption
(x+ y)(m{t1, t2},M{s1, s2}) ∈ A. This implies that
µA(x+ y) ≥ m{t1, t2} = min{µA(x), µA(y)} and
λA(x+ y) ≤ M{s1, s2} = max{λA(x), λA(y)}.
So, the first condition of the definition is satisfied. Let us suppose that there exist x, y ∈ H such that µA(xy) < µA(y) and
λA(xy) > λA(y). Choose t ∈ (0, 1] and s ∈ [0, 1) such that
µA(xy) < t < µA(y) and λA(xy) > s > λA(y).
So, y(t, s) ∈ A but (xy)(t, s)∈A, a contradiction. Hence,
µA(xy) ≥ µA(y) and λA(xy) ≤ λA(y).
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Conversely, suppose thatA = ⟨µA, λA⟩ is an intuitionistic fuzzy left ideal ofH and x(t1, s1) ∈ A, y(t2, s2) ∈ A for t1, t2 ∈ (0, 1]
and s1, s2 ∈ [0, 1). Then, µA(x) ≥ t1 and λA(x) ≤ s1, µA(y) ≥ t2 and λA(y) ≤ s2, we have
µA(x+ y) ≥ min{µA(x), µA(y)} ≥ m{t1, t2} and
λA(x+ y) ≤ max{λA(x), λA(y)} ≤ M{s1, s2}.
Thus, (x+ y)(m{t1, t2},M{s1, s2}) ∈ A. Now, for x ∈ A and y(t, s) ∈ A, since
µA(xy) ≥ µA(y) ≥ t and
λA(xy) ≤ λA(y) ≤ s.
Thus, (xy)(t, s) ∈ A. Hence, A = ⟨µA, λA⟩ is an (∈,∈)-intuitionistic fuzzy left ideal of H . 
Theorem 7. An IFS A = ⟨µA, λA⟩ of H is an (∈,∈)-intuitionistic fuzzy sub-hemiring of H if and only if it is an intuitionistic fuzzy
sub-hemiring of H.
Theorem 8. Let A = ⟨µA, λA⟩ be an IFS of hemiring H. Then, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring of
H if and only if for all x, y ∈ H, the following conditions hold
(a) µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5}.
(b) µA(xy) ≥ min{µA(x), µA(y), 0.5} and λA(xy) ≤ max{λA(x), λA(y), 0.5}.
Proof. Let A = ⟨µA, λA⟩ be an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring of H . Suppose that (a) does not hold. Then, there
exist x, y ∈ H , such that
µA(x+ y) < min{µA(x), µA(y), 0.5} and λA(x+ y) > max{λA(x), λA(y), 0.5}.
So, for some t ∈ (0, 1] and s ∈ [0, 1),
µA(x+ y) < t ≤ min{µA(x), µA(y), 0.5} and
λA(x+ y) > s ≥ max{λA(x), λA(y), 0.5}.
Now, if min{µA(x), µA(y)} < 0.5 and max{λA(x), λA(y)} > 0.5,
µA(x+ y) < t ≤ min{µA(x), µA(y)} and λA(x+ y) > s ≥ max{λA(x), λA(y)}
then x(t, s) and y(t, s) ∈ A but (x+ y)(t, s)∈A. Also,
µA(x+ y)+ t < 0.5+ 0.5 = 1 and λA(x+ y)+ s > 0.5+ 0.5 = 1
⇒ (x+ y)(t, s)qA.
Thus, (x+y)(t, s)∈ ∨qA, which is a contradiction. Therefore, (a) is valid. Ifmin{µA(x), µA(y)} ≥ 0.5 andmax{λA(x), λA(y)} ≤
0.5, thenµA(x+ y) < 0.5 and λA(x+ y) > 0.5, which implies that x(0.5, 0.5) and y(0.5, 0.5) ∈ A but (x+ y)(0.5, 0.5) ∈ A.
Also,
µA(x+ y)+ 0.5 < 0.5+ 0.5 = 1 and λA(x+ y)+ 0.5 > 0.5+ 0.5 = 1
⇒ (x+ y)(0.5, 0.5)qA.
Thus, (x+ y)(0.5, 0.5)∈ ∨qA, which is a contradiction. Therefore, (1) is valid. Similarly, (2) is valid.
Conversely, suppose that for an IFS A = ⟨µA, λA⟩ conditions (a) and (b) hold. Let x, y ∈ H and t1, t2 ∈ (0, 1] and s1, s2
∈ [0, 1), be such that x(t1, s1) ∈ A, y(t2, s2) ∈ A. Then, µA(x) ≥ t1 and λA(x) ≤ s1, µA(y) ≥ t2 and λA(y) ≤ s2. So, by
hypothesis
µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5}
µA(x+ y) ≥ min{t1, t2, 0.5} and λA(x+ y) ≤ max{s1, s2, 0.5}.
Now, if min{t1, t2} ≤ 0.5 and max{s1, s2} ≥ 0.5, then (x+ y)(m{t1, t2},M{s1, s2}) ∈ A. If min{t1, t2} > 0.5 and max{s1, s2}
< 0.5, then (x+ y)(m{t1, t2},M{s1, s2})qA. Therefore, (x+ y)(m{t1, t2},M{s1, s2}) ∈ ∨qA. Again by hypothesis
µA(xy) ≥ min{µA(x), µA(y), 0.5} and λA(xy) ≤ max{λA(x), λA(y), 0.5}
µA(xy) ≥ min{t1, t2, 0.5} and λA(xy) ≤ max{s1, s2, 0.5}.
Now, if min{t1, t2} ≤ 0.5 and max{s1, s2} ≥ 0.5, then (xy)(m{t1, t2},M{s1, s2}) ∈ A. If min{t1, t2} > 0.5 and max{s1, s2} <
0.5, then (xy)(m{t1, t2},M{s1, s2})qA. Therefore, (xy)(m{t1, t2},M{s1, s2}) ∈ ∨qA. Hence, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-
intuitionistic fuzzy sub-hemiring of H . 
Lemma 1. For an IFS A = ⟨µA, λA⟩ in H, the following conditions are equivalent:
(I) x(t1, s1) and y(t2, s2) ∈ A ⇒ (x+ y)(m{t1, t2},M{s1, s2}) ∈ ∨qA,
(II) µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5}.
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Proof. (I)⇒(II): (I) is valid. Suppose that there exist x, y ∈ H such thatµA(x+y) < min{µA(x), µA(y), 0.5} and λA(x+y) >
max{λA(x), λA(y), 0.5}. If min{µA(x), µA(y)} < 0.5 and max{λA(x), λA(y)} > 0.5, thenµA(x+ y) < min{µA(x), µA(y)} and
λA(x + y) > max{λA(x), λA(y)}. Let us choose t ∈ (0, 1] and s ∈ [0, 1) such that µA(x + y) < t < min{µA(x), µA(y)} and
λA(x + y) > s > max{λA(x), λA(y)}. This implies x(t, s) and y(t, s) ∈ A but (x + y)(t, s)∈ ∨qA, which is a contradiction.
Now, we consider the case, if min{µA(x), µA(y)} ≥ 0.5 and max{λA(x), λA(y)} ≤ 0.5, then µA(x + y) < 0.5 and λA(x + y)
> 0.5. Thus, x(0.5, 0.5) and y(0.5, 0.5) ∈ A but (x + y)(0.5, 0.5)∈ ∨qA, which is a contradiction. Hence, we conclude that
µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5}.
(II)⇒ (I): Let x(t1, s1), y(t2, s2) ∈ A. Then, sinceµA(x+y) ≥ min{µA(x), µA(y), 0.5} and λA(x+y) ≤ max{λA(x), λA(y), 0.5},
so µA(x + y) ≥ min{t1, t2, 0.5} and λA(x + y) ≤ max{s1, s2, 0.5}. Hence, we obtain µA(x + y) ≥ min{t1, t2, } and
λA(x+ y) ≤ max{s1, s2, }, for min{t1, t2} ≤ 0.5 andmax{s1, s2} ≥ 0.5. Also, we obtainµA(x+ y) ≥ 0.5 and λA(x+ y) ≤ 0.5,
for min{t1, t2} > 0.5 and max{s1, s2} < 0.5. Therefore, we have (x+ y)(m{t1, t2},M{s1, s2}) ∈ ∨qA. 
Lemma 2. For an IFS A = ⟨µA, λA⟩ in H, the following conditions are equivalent for all x, y ∈ H:
(III) x ∈ H and y(t, s) ∈ A ⇒ (xy)(t, s) ∈ ∨qA,
(IV) µA(xy) ≥ min{µA(y), 0.5} and λA(xy) ≤ max{λA(y), 0.5}.
Proof. (III)⇒(IV): Let x, y ∈ H and suppose that µA(xy) < min{µA(y), 0.5} and λA(xy) > max{λA(y), 0.5}. If µA(y) < 0.5
and λA(y) > 0.5, then µA(xy) < µA(y) and λA(xy) > λA(y). Choose t ∈ (0, 1] and s ∈ [0, 1) such that µA(xy) < t < µA(y)
and λA(xy) > s > λA(y). This implies that y(t, s) ∈ A but (xy)(t, s)∈ ∨qA, which is a contradiction. Therefore, µA(xy) ≥
min{µA(y), 0.5} and λA(xy) ≤ max{λA(y), 0.5}. Now, if µA(y) ≥ 0.5 and λA(y) ≤ 0.5, then µA(xy) < 0.5 and λA(xy) > 0.5.
This implies that y(0.5, 0.5) ∈ A but (xy)(0.5, 0.5)∈ ∨qA, which is a contradiction. Therefore, µA(xy) ≥ min{µA(y), 0.5}
and λA(xy) ≤ max{λA(y), 0.5}.
(IV)⇒(III): Let x, y ∈ H and t ∈ (0, 1] and s ∈ [0, 1) such that y(t, s) ∈ A. Then, µA(y) ≥ t and λA(y) ≤ s. Since µA(xy)
≥ min{µA(y), 0.5} and λA(xy) ≤ max{λA(y), 0.5}, so µA(xy) ≥ min{t, 0.5} and λA(xy) ≤ max{s, 0.5}. If t ≤ 0.5 and
s ≥ 0.5, then µA(xy) ≥ t and λA(xy) ≤ s and so (xy)(t, s) ∈ A. If t > 0.5 and s < 0.5, then µA(xy) ≥ 0.5 and λA(xy) ≤ 0.5
and so µA(xy) + t > 0.5 + 0.5 = 1 and λA(xy) + s < 0.5 + 0.5 = 1. Hence, (xy)(t, s)qA. Thus, (xy)(t, s) ∈ ∨qA. This
completes the proof. 
Theorem 9. Let A = ⟨µA, λA⟩ be an IFS in H. Then, A is an (∈,∈ ∨q)-intuitionistic fuzzy left ideal if and only if for all x, y ∈ H:
(a) µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5},
(b) µA(xy) ≥ min{µA(y), 0.5} and λA(xy) ≤ max{λA(y), 0.5}.
Proof. This follows from Lemmas 1 and 2. 
Theorem 10. Let A = ⟨µA, λA⟩ be an IFS in H. Then, A is an (∈,∈ ∨q)-intuitionistic fuzzy right ideal if and only if for all x, y ∈ H:
(a) µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5},
(b) µA(xy) ≥ min{µA(x), 0.5} and λA(xy) ≤ max{λA(x), 0.5}.
Lemma 3. Every intuitionistic fuzzy left(resp, right) ideal of H is an (∈,∈ ∨q)-intuitionistic fuzzy left (resp, right) ideal of H,
but converse is not true in general.
Example 3. Let A = ⟨µA, λA⟩ be an IFS of (N◦,+, ·) defined in Example 2. Then, clearly A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-
intuitionistic fuzzy left ideal of N◦ but is not an intuitionistic fuzzy left ideal of N◦.
Remark 1. From the above Lemma and Example, we conclude that (∈,∈ ∨q)-intuitionistic fuzzy left (resp, right) ideal of
H is an generalization of intuitionistic fuzzy left (resp. right) ideal of H .
Theorem 11. Any (∈,∈ ∨q)-intuitionistic fuzzy left (resp, right) ideal of H such that µA(x) < 0.5 and λA(x) > 0.5 for all x ∈ H
is an (∈,∈)-intuitionistic fuzzy left(resp, right) ideal of H.
Proof. Let A = ⟨µA, λA⟩ be an (∈,∈ ∨q)-intuitionistic fuzzy left ideal of H such that µA(x) < 0.5 and λA(x) > 0.5 for all
x ∈ H . Let x, y ∈ H and t1, t2 ∈ (0, 1] and s1, s2 ∈ (0, 1] such that x(t1, s1), y(t2, s2) ∈ A. Then, µA(x) ≤ t1 and λA(x) ≥ s1,
µA(x) ≤ t1 and λA(x) ≥ s1, we have
µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5}
µA(x+ y) ≥ min{t1, t2} and λA(x+ y) ≤ max{s1, s2}.
This implies that (x+ y)(m{t1, t2},M{s1, s2}) ∈ A. Now, let x, y ∈ H and t ∈ (0, 1] and s ∈ [0, 1) such that y(t, s) ∈ A. Then,
µA(x) ≥ t and λA(x) ≤ s, we have
µA(xy) ≥ min{µA(x), 0.5} and λA(xy) ≤ max{λA(x), 0.5}
µA(xy) ≥ t and λA(xy) ≤ s.
This implies that (xy)(t, s) ∈ A. Similarly, for (yx)(t, s) ∈ A. This completes the proof. 
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Theorem 12. The intersection of any family of (∈,∈ ∨q)-intuitionistic fuzzy left(resp, right) ideals of H is an (∈,∈ ∨q)-
intuitionistic fuzzy left(resp, right) ideal.
Proof. Let {Ai}i∈Λ be any family of an (∈,∈ ∨q)-intuitionistic fuzzy left ideals of H and A = ⟨µA, λA⟩ = ∩i∈Λ Ai =




















































λA(x+ y) ≥ min{λA(x), λA(y), 0.5}.










































λA(xy) ≥ min{λA(y), 0.5}.
Hence,A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy left ideal ofH . Similarly, the right case also follows. This completes
the proof. 
For any intuitionistic fuzzy set A = ⟨µA, λA⟩ in H and t ∈ (0, 1], s ∈ [0, 1), we denote A(t,s) = {x ∈ S : x(t, s)qA} and
[A](t,s) = {x ∈ S : x(t, s) ∈ ∨qA}.
Obviously, [A](t,s) = A(t,s) ∪ U(t,s), where U(t,s), A(t,s) and [A](t,s) are called ∈-level set, q-level set and ∈ ∨q-level set of
A = ⟨µA, λA⟩, respectively.
Lemma 4. Every IFS A = ⟨µA, λA⟩ in H satisfies the following assertion
t ∈ (0, 0.5], s ∈ [0.5, 1)⇒ [A](t,s) = U(t,s).
Proof. Straightforward. 
Theorem 13. Let A = ⟨µA, λA⟩ be an IFS in H. Then, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy ideal of H if and only if
[A](t,s) ≠ Φ is an ideal of H.
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Proof. Assume that A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy left ideal of H and let t ∈ (0, 1] and s ∈ [0, 1) be such
that [A](t,s) ≠ ∅. Let x, y ∈ [A](t,s). Then, µA(x) ≥ t and λA(x) ≥ s or µA(x)+ t > 1 and λA(x)+ s < 1, and µA(y) ≥ t and
λA(y) ≥ s or µA(y)+ t > 1 and λA(y)+ s < 1. We can consider four cases:
(i) µA(x) ≥ t and λA(x) ≤ s, and µA(y) ≥ t and λA(y) ≤ s,
(ii) µA(x) ≥ t and λA(x) ≤ s, and µA(y)+ t > 1 and λA(y)+ s < 1,
(iii) µA(x)+ t > 1 and λA(x)+ s < 1, and µA(y) ≥ t and λA(y) ≤ s,
(iv) µA(x)+ t > 1 and λA(x)+ s < 1, and µA(y)+ t > 1 and λA(y)+ s < 1.
For the first case, by Theorem 10(a), implies that
µA(x+ y) ≥ min{µA(x), µA(y), 0.5} = min{t, 0.5} =

0.5 if t > 0.5
t if t ≤ 0.5
and
λA(x+ y) ≤ max{λA(x), λA(y), 0.5} = max{s, 0.5} =

0.5 if s < 0.5
s if s ≥ 0.5
and so µA(x+ y)+ t > 0.5+ 0.5 = 1 and λA(x+ y)+ s < 0.5+ 0.5 = 1, i.e., (x+ y)(s, t)qA, or x+ y ∈ U(t,s). Therefore,
x + y ∈ U(t,s) ∪ A(t,s) = [A](t,s). For the case (ii), assume that t > 0.5 and s < 0.5. Then, 1 − t < 0.5 and 1 − s > 0.5. If
min{µA(x), 0.5} ≤ µA(y) and max{λA(x), 0.5} ≥ λA(y), then
µA(x+ y) ≥ min{µA(x), 0.5} > 1− t and
λA(x+ y) ≤ max{λA(x), 0.5} < 1− s
and if min{µA(y), 0.5} > µA(x) and max{λA(y), 0.5} < λA(x), then µA(x + y) ≥ µA(x) ≥ t and λA(x + y) ≤ λA(x) ≤ s.
Hence, x + y ∈ U(t,s) ∪ A(t,s) = [A](t,s) for t > 0.5 and s < 0.5. Suppose that t ≤ 0.5 and s ≥ 0.5. Then, 1 − t ≥ 0.5 and
1− s ≤ 0.5. If min{µA(x), 0.5} ≤ µA(y) and max{λA(x), 0.5} ≥ λA(y), then
µA(x+ y) ≥ min{µA(x), 0.5} ≥ t and
λA(x+ y) ≤ max{λA(x), 0.5} ≤ s
and ifmin{µA(y), 0.5} > µA(x) andmax{λA(y), 0.5} < λA(x), thenµA(x+y) ≥ µA(y) > 1−t andλA(x+y) ≤ λA(y) < 1−s.
Thus, x+ y ∈ U(t,s) ∪A(t,s) = [A](t,s) for t ≤ 0.5 and s ≥ 0.5. We have similar result for the case (iii). For final case, if t > 0.5
and s < 0.5, then 1− t < 0.5 and 1− s > 0.5. Hence,
µA(x+ y) ≥ min{µA(x), µA(y), 0.5}
=

0.5 > 1− t if min{µA(x), µA(y)} ≥ 0.5,
min{µA(x), µA(y)} > 1− t if min{µA(x), µA(y)} < 0.5,
and
λA(x+ y) ≤ max{λA(x), λA(y), 0.5}
=

0.5 < 1− s if max{λA(x), λA(y)} ≤ 0.5,
max{λA(x), λA(y)} < 1− s if max{λA(x), λA(y)} > 0.5,
and so (x+ y) ∈ A(t,s) ⊆ [A](t,s). If t ≤ 0.5 and s ≥ 0.5, then 1− t ≥ 0.5 and 1− s ≤ 0.5. Thus,
µA(x+ y) ≥ min{µA(x), µA(y), 0.5}
=

0.5 ≥ t if min{µA(x), µA(y)} ≥ 0.5,
min{µA(x), µA(y)} > 1− t if min{µA(x), µA(y)} < 0.5,
and
λA(x+ y) ≤ max{λA(x), λA(y), 0.5}
=

0.5 ≤ s if max{λA(x), λA(y)} ≤ 0.5,
max{λA(x), λA(y)} < 1− s if max{λA(x), λA(y)} > 0.5,
which implies that x+ y ∈ U(t,s) ∪ A(t,s) = [A](t,s).
Now, let x ∈ [A](t,s) and y ∈ H . Then,µA(x) ≥ t and λA(x) ≤ s orµA(x)+ t > 1 and λA(x)+ s < 1. Assume thatµA(x) ≥ t
and λA(x) ≤ s by Theorem 10(b), implies that
µA(yx) ≥ min{µA(x), 0.5} ≥ min{t, 0.5} =

t if t ≤ 0.5,
0.5 > 1− t if t > 0.5,
and
λA(yx) ≤ max{λA(x), 0.5} ≥ max{s, 0.5} =

s if s ≥ 0.5,
0.5 < 1− s if s < 0.5,
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so that yx ∈ U(t,s) ∪ A(t,s) = [A](t,s). Suppose that µA(x)+ t > 1 and λA(x)+ s < 1. If t > 0.5 and s < 0.5, then
µA(yx) ≥ min{µA(x), 0.5} =

0.5 > 1− t if t ≤ 0.5,
µA(x) > 1− t if t > 0.5,
and
λA(yx) ≥ max{λA(x), 0.5} =

0.5 < 1− s if s ≥ 0.5,
λA(x) < 1− s if s < 0.5,
and thus yx ∈ A(t,s) ⊆ [A](t,s). Similarly, xy ∈ [A](t,s). Consequently, [A](t,s) is an ideal of H .
Conversely, suppose that A = ⟨µA, λA⟩ is an IFS in H such that [A](t,s) is an ideal of H . Suppose that A = ⟨µA, λA⟩ is not
an (∈,∈ ∨q)-intuitionistic fuzzy ideal of H . Then, there exist x, y ∈ H such that




[µA(x+ y)+min{µA(x), µA(y), 0.5}] and
s = 1
2
[λA(x+ y)+max{λA(x), λA(y), 0.5}].
Then,
µA(x+ y) < t < min{µA(x), µA(y), 0.5} and
λA(x+ y) > s > max{λA(x), λA(y), 0.5}.
This implies that x, y ∈ [A](t,s) and (x + y) ∈ [A](t,s). Hence, µA(x + y) ≥ t and λA(x + y) ≤ s or µA(x + y) + t > 1 and
λA(x+ y)+ s < 1 which is a contradiction. Therefore, we have
µA(x+ y) ≥ min{µA(x), µA(y), 0.5} and λA(x+ y) ≤ max{λA(x), λA(y), 0.5},
for all x, y ∈ H . Similarly, we can show that
µA(xy) ≥ min{µA(y), 0.5} and λA(xy) ≤ max{λA(y), 0.5},
for all x, y ∈ H . Hence, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy left ideal of H . Similarly, the right case also follows.
This completes the proof. 
Theorem 14. Let A = ⟨µA, λA⟩ be an IFS in H. Then, A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring of H if and
only if [A](t,s) ≠ Φ is sub-hemiring of H.
Proof. Proof follows from Theorem 13. 
Theorem 15. Let A = ⟨µA, λA⟩ be an IFS in Hemiring H. Then A = ⟨µA, λA⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy sub-hemiring
(left, right) ideal of H if and only if U(t,s) ≠ Φ is sub-hemiring (left, right) ideal of H for all t ∈ (0, 0.5], s ∈ [0.5, 1)
Proof. Straightforward. 
Corollary 1. For an IFS A = ⟨µA, λA⟩ in H, the following are equivalent
(1) [A](t,s) = {x ∈ S : x(t, s) ∈ ∨qA} for t ∈ (0, 1], s ∈ [0.1) is a left ideal of H,
(2) Condition (a) and (b) of Theorem 9.
Proof. Straightforward. 
Corollary 2. For an IFS A = ⟨µA, λA⟩ in H, the following are equivalent
(1) [A](t,s) = {x ∈ S : x(t, s) ∈ ∨qA} for t ∈ (0, 1], s ∈ [0.1) is a right ideal of H,
(2) Condition (a) and (b) of Theorem 10.
Proof. Straightforward. 
5. Prime (α, β)-intuitionistic fuzzy ideals
In this section, we describe semiprime and prime (α, β)-intuitionistic fuzzy ideals of hemirings and investigate some
properties of these ideals.
Definition 10. An (α, β)-intuitionistic fuzzy ideal of H is called semiprime if for all x ∈ H , t ∈ (0, 1] and s ∈ [0, 1),
x2(t, s)αA implies that x(t, s)βA. An (α, β)-intuitionistic fuzzy ideal of H is called prime if for all x, y ∈ H , t ∈ (0, 1] and
s ∈ [0, 1), (xy)(t, s)αA implies that x(t, s)βA or y(t, s)βA.
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Theorem 16. Let A = ⟨µA, λA⟩ be a prime (α, β)-intuitionistic fuzzy ideal of H. Then, the set H(0,1) = {x ∈ H : µA(x) > 0 and
λA(x) < 1} ≠ Φ is a prime ideal of H.
Proof. Proof follows from Theorem 1. 
Corollary 3. Let A = ⟨µA, λA⟩ be a semiprime (α, β)-intuitionistic fuzzy ideal of H. Then, the set H(0,1) = {x ∈ H : µA(x) > 0
and λA(x) < 1} ≠ Φ is a semiprime ideal of H.
Proof. Straightforward. 
Theorem 17. If P is a prime ideal of H, then an IFS A = ⟨µA, λA⟩ of H such that
(1) µA(x) ≥ 0.5 and λA(x) ≤ 0.5 for x ∈ P,
(2) µA(x) = 0 and λA(x) = 1 otherwise.
Then, A = ⟨µA, λA⟩ is a prime (α,∈ ∨q)-intuitionistic fuzzy ideal of H.
Proof. Let P is a prime ideal of H . Then, by Theorem 4, (α,∈ ∨q)-intuitionistic fuzzy ideal of H . Now, let x, y ∈ H, t ∈ (0, 1]
and s ∈ [0, 1) such that (xy)(t, s) ∈ A. Then, µA(xy) ≥ t and λA(xy) ≤ s, this implies that (xy) ∈ P . Since, P is a prime,
so x ∈ P or y ∈ P , which implies that µA(x) ≥ 0.5 and λA(x) ≤ 0.5 or µA(y) ≥ 0.5 and λA(y) ≤ 0.5. If t ≤ 0.5 and
s ≥ 0.5, then µA(x) ≥ 0.5 ≥ t and λA(x) ≤ 0.5 ≤ s or µA(y) ≥ 0.5 ≥ t and λA(y) ≤ 0.5 ≤ s, which implies that
x(t, s) ∈ A or y(t, s) ∈ A. Now, if t > 0.5 and s < 0.5, then µA(x) + t > 0.5 + 0.5 = 1 and λA(x) + s < 0.5 + 0.5 = 1 or
µA(y)+ t < 0.5+ 0.5 = 1 and λA(y)+ s < 0.5+ 0.5 = 1, which implies that x(t, s)qA or y(t, s)qA. Hence, x(t, s) ∈ ∨qA
or y(t, s) ∈ ∨qA. Therefore, A = ⟨µA, λA⟩ is a prime (∈,∈ ∨q)-intuitionistic fuzzy ideal of H . Now, let x, y ∈ H, t ∈ (0, 1]
and s ∈ [0, 1) such that (xy)(t, s)qA. Then, µA(xy) + t > 1 and λA(xy) + s < 1, which implies that (xy) ∈ P . Since, P is
a prime, so x ∈ P or y ∈ P , which implies that µA(x) ≥ 0.5 and λA(x) ≤ 0.5 or µA(y) ≥ 0.5 and λA(y) ≤ 0.5. If t ≤ 0.5
and s ≥ 0.5, then µA(x) ≥ 0.5 ≥ t and λA(x) ≤ 0.5 ≤ s or µA(y) ≥ 0.5 ≥ t and λA(y) ≤ 0.5 ≤ s, which implies that
x(t, s) ∈ A or y(t, s) ∈ A. Now, if t > 0.5 and s < 0.5, then µA(x) + t > 0.5 + 0.5 = 1 and λA(x) + s < 0.5 + 0.5 = 1 or
µA(y) + t < 0.5 + 0.5 = 1 and λA(y) + s < 0.5 + 0.5 = 1, which implies that x(t, s)qA or y(t, s)qA. Hence x(t, s) ∈ ∨qA
or y(t, s) ∈ ∨qA. Therefore, A = ⟨µA, λA⟩ is a prime (q,∈ ∨q)-intuitionistic fuzzy ideal of H . Similarly, for other cases. This
completes the proof.
Corollary 4. If P is a semiprime ideal of H, then an IFS A = ⟨µA, λA⟩ of H such that
(1) µA(x) ≥ 0.5 and λA(x) ≤ 0.5 for x ∈ P,
(2) µA(x) = 0 and λA(x) = 1 otherwise.
Then, A = ⟨µA, λA⟩ is a semiprime (α,∈ ∨q)-intuitionistic fuzzy ideal of H.
Proof. Straightforward. 
Theorem 18. An (∈,∈ ∨q)-intuitionistic fuzzy ideal A = ⟨µA, λA⟩ of H is prime if and only if max{µA(x), µA(y)} ≥ min{µA
(xy), 0.5} andmin{λA(x), λA(y)} ≤ max{λA(xy), 0.5}, for all x, y ∈ H.
Proof. Let A = ⟨µA, λA⟩ be a prime (∈,∈ ∨q)-intuitionistic fuzzy ideal of H . Let us suppose that there exist some x, y ∈ H
such that
max{µA(x), µA(y)} < min{µA(xy), 0.5} and
min{λA(x), λA(y)} > max{λA(xy), 0.5}.
Then,
max{µA(x), µA(y)} < t < min{µA(xy), 0.5} and
min{λA(x), λA(y)} > s > max{λA(xy), 0.5}
for some t ∈ (0, 1] and s ∈ [0, 1). This means that (xy)(t, s) ∈ A but x(t, s)∈ ∨qA or y(t, s)∈ ∨qA, which is a contradiction.
Hence,
max{µA(x), µA(y)} ≥ min{µA(xy), 0.5} and
min{λA(x), λA(y)} ≤ max{λA(xy), 0.5},
for all x, y ∈ H .
Conversely, assume that the following hold for all x, y ∈ H ,
max{µA(y), µA(y)} ≥ min{µA(xy), 0.5} and
min{λA(x), λA(y)} ≤ max{λA(xy), 0.5}.
Let (xy)(t, s) ∈ A. Then, we see that
max{µA(x), µA(y)} ≥ min{t, 0.5} and min{λA(x), λA(y)} ≤ max{s, 0.5}.
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If t ≤ 0.5 and s ≥ 0.5, then either µA(x) ≥ t and λA(x) ≤ s or µA(y) ≥ t and λA(y) ≤ s, this implies that x(t, s) ∈ A
or y(t, s) ∈ A. If t > 0.5 and s < 0.5, then either µA(x) + t > 0.5 + 0.5 = 1 and λA(x) + s < 0.5 + 0.5 = 1 or µA(y)
+ t > 0.5 + 0.5 = 1 and λA(y) + s < 0.5 + 0.5 = 1, this implies that x(t, s)qA or y(t, s)qA. Hence x(t, s) ∈ ∨qA or
y(t, s) ∈ ∨qA. 
Corollary 5. An (∈,∈ ∨q)-intuitionistic fuzzy ideal A = ⟨µA, λA⟩ of H is semiprime if and only if µA(x) ≥ min{µA(x2), 0.5}
and λA(x) ≤ max{λA(x2), 0.5}, for all x ∈ H.
Proof. Straightforward. 
Theorem 19. Intersection of any family of prime (∈,∈ ∨q)-intuitionistic fuzzy ideals of H is a prime (∈,∈ ∨q)-intuitionistic
fuzzy ideal of H.
Proof. By Theorem 12, A = ⟨µA, λA⟩ = ∩i∈Λ Ai = ⟨i∈Λ µAi ,i∈Λ λAi⟩ is an (∈,∈ ∨q)-intuitionistic fuzzy ideal of H .
Now, let x, y ∈ H . Then, we have
































= min{µA(x), µA(y), 0.5}
max{µA(x), µA(y)} ≥ min{µA(x), µA(y), 0.5}, and
































= {λA(x), λA(y), 0.5}
min{λA(x), λA(y)} ≤ max{λA(x), λA(y), 0.5}.
Hence, by Theorem 18, A = ⟨µA, λA⟩ is a prime (∈,∈ ∨q)-intuitionistic fuzzy ideal of H . 
Corollary 6. Intersection of any family of semiprime (∈,∈ ∨q)-intuitionistic fuzzy ideals of H is a semiprime (∈,∈ ∨q)-
intuitionistic fuzzy ideal of H.
Proof. Straightforward. 
Theorem 20. An (∈,∈ ∨q)-intuitionistic fuzzy ideal A = ⟨µA, λA⟩ of H is prime if and only if for 0 < t ≤ 0.5 and 0.5 ≤ s < 1,
U(t,s) ≠ Φ is a prime ideal of H.
Proof. Let A = ⟨µA, λA⟩ be a prime (∈,∈ ∨q)-intuitionistic fuzzy ideal of H and let t ∈ (0, 0.5] and s ∈ [0.5, 1). Then, by
Theorem 15, each non-empty U(t,s) is an ideal of H . Let x, y ∈ H be such that xy ∈ U(t,s). Then, (xy)(t, s) ∈ A. By Theorem 18,
we have x ∈ U(t,s) or y ∈ U(t,s). Hence U(t,s) is a prime ideal of H .
Conversely, assume that U(t,s) is a prime ideal of H for t ∈ (0, 0.5] and s ∈ [0.5, 1). Then, by Theorem 15, A = ⟨µA, λA⟩
is an (∈,∈ ∨q)-intuitionistic fuzzy ideal of H . Let x, y ∈ H be such that (xy)(t, s) ∈ A and t ≤ 0.5 and s ≥ 0.5. Then,
xy ∈ U(t,s). Since U(t,s) is a prime, so either x ∈ U(t,s) or y ∈ U(t,s), this implies that x(t, s) ∈ A or y(t, s) ∈ A. For t ≤ 0.5
and s ≥ 0.5 and (xy)(t, s) ∈ A, we have µA(x) ≥ t > 0.5 and λA(x) ≤ s < 0.5 or µA(y) ≥ t > 0.5 and λA(y) ≤ s < 0.5.
Thus, xy ∈ U(0.5,0.5), either x ∈ U(0.5,0.5)or y ∈ U(0.5,0.5). Therefore, x(t, s)qA or y(t, s)qA. Hence, A = ⟨µA, λA⟩ is a prime
(∈,∈)-intuitionistic fuzzy ideal of H . 
Proposition 2. An (∈,∈)-intuitionistic fuzzy ideal A = ⟨µA, λA⟩ of H is prime if and only if for 0 < t ≤ 1 and 0 ≤ s < 1,
U(t,s) ≠ Φ is a prime ideal of H.
Proof. Let A = ⟨µA, λA⟩ be a prime (∈,∈)-intuitionistic fuzzy ideal of H and let t ∈ (0, 1] and s ∈ [0, 1). Then, by Theo-
rem 15, each non-empty U(t,s) is an ideal of H . Let x, y ∈ H be such that xy ∈ U(t,s). Then, (xy)(t, s) ∈ A. By Theorem 18, we
have x ∈ U(t,s) or y ∈ U(t,s). Hence U(t,s) is a prime ideal of H .
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Conversely, assume that U(t,s) is a prime ideal of H for t ∈ (0, 1] and s ∈ [0, 1). Then, by Theorem 15, A = ⟨µA, λA⟩ is an
(∈,∈ ∨q)-intuitionistic fuzzy ideal ofH . Let x, y ∈ H be such that (xy)(t, s) ∈ A. Then, xy ∈ U(t,s). SinceU(t,s) is a prime, so ei-
ther x ∈ U(t,s) or y ∈ U(t,s), this implies that x(t, s) ∈ A or y(t, s) ∈ A. Hence, A = ⟨µA, λA⟩ is a prime (∈,∈ ∨q)-intuitionistic
fuzzy ideal of H .
Corollary 7. An (∈,∈)-intuitionistic fuzzy ideal A = ⟨µA, λA⟩ of H is semiprime if and only if for 0 < t ≤ 1 and 0 ≤ s < 1,
U(t,s) ≠ Φ is a semiprime ideal of H.
Proof. Straightforward. 
Theorem 21. An IFS A = ⟨µA, λA⟩ of H is a prime (semiprime) (∈,∈ ∨q)-intuitionistic fuzzy ideal if and only if for 0 < t ≤ 1
and 0 ≤ s < 1, [A](t,s) is a prime (semiprime) ideal of H.
Proof. Proof follows from Theorems 13 and 20. 
6. Conclusion
In the study of the structure of an intuitionistic fuzzy algebraic system, we notice that intuitionistic fuzzy ideals with
special properties always play an important role. In this paper, we define (α, β)-intuitionistic fuzzy sub-hemiring(left, right
two-sided) ideals of hemirings and investigate the relationship among these generalized intuitionistic fuzzy sub-hemiring
(left, right) ideals of hemirings. Finally, we define prime(semiprime) (α, β)-intuitionistic fuzzy ideals of hemirings and
investigate some important results. Some characterization theorems of prime(semiprime) (α, β)-intuitionistic fuzzy ideals
of hemirings are obtained. We hope that the research along this direction can be continued, and in fact, this work would
serve as a foundation for further study of the theory of hemiring, it will be necessary to carry out more theoretical research
to establish a general framework for the practical application.
In the notions of an (α, β)-intuitionistic fuzzy sub-hemiring (left, right) ideals of hemirings, where α, β is any one of
∈, q,∈ ∨q or ∈ ∧q. In fact, there are twelve different types of such structures resulting from three choice of α and four
choice of β . However, in the present paper, we only consider the (∈,∈ ∨q)-types. In our future study of intuitionistic fuzzy
structure of hemirings,may be the following topics should be considered. (1) To focus on other types of hemiringwith similar
nature and study their mutual relationships; (2) To establish an intuitionistic fuzzy spectrum of hemiring; (3) To consider
the structure of quotient hemiring by using (α, β)-intuitionistic fuzzy sub-hemiring (left, right) ideals; (4) To describe fuzzy
soft hemiring and its applications; (5) To describe intuitionistic fuzzy soft hemirings and its applications in information
sciences and general systems.
References
[1] H.S. Vandiver, Note on a simple type of algebra in which cancellation law of addition does not hold, Bull. Amer. Math. Soc. 40 (1934) 914–920.
[2] A.W. Aho, J.D. Ullman, Introduction to Automata Theory, Languages and Computation, Addison Wesley, Reading, MA, 1976.
[3] W. Kuich, A. Salomma, Semirings, Automata, Languages, Springer Verlag, Berlin, 1986.
[4] D.B. Benson, Bialgebras: some foundations for distributed and concurrent computation, Fund. Inform. 12 (1989) 427–486.
[5] J.S. Golan, Semirings and their Applications, Kluwer Acad. Publ., 1999.
[6] K. Glazek, A Guide to Literature on Semirings and their Applications in Mathematics and Information Sciences with Complete Bibliography, Kluwer
Acad. Publ., Dodrecht, 2002.
[7] U. Hebisch, H.J. Weinert, Semirings: Algebraic Theory and Applications in the Computer Science, World Scientific, 1998.
[8] E.T. Lee, L.A. Zadeh, Note on fuzzy languages, Inform. Sci. 1 (1969) 421–434.
[9] W.G. Wee, K.S. Fu, A formulation of fuzzy automata and its applications as a model of learning system, IEEE Trans. Syst. Sci. Cybern. SSC-5 (1969)
215–233.
[10] L.B. Beasley, N.J. Pullman, Operators that preserve semiring matrix functions, Linear Algebra Appl. 99 (1988) 199–216.
[11] L.B. Beasley, N.J. Pullman, Linear operators strongly that preserving idempotent matrices over semiring, Linear Algebra Appl. 160 (1992) 217–229.
[12] Y.J. Tan, On invertible matrices over antirings, Linear Algebra Appl. 423 (2007) 428–444.
[13] Y.J. Tan, On nilpotent marices over antirings, Linear Algebra Appl. 429 (2008) 1243–1253.
[14] L.A. Zadeh, Fuzzy sets, Inf. Control 8 (1965) 338–353.
[15] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971) 512–517.
[16] J. Ahsan, K. Saifullah, M.F. Khan, Fuzzy semirings, Fuzzy Sets and Systems 60 (1993) 309–320.
[17] S. Ghosh, Fuzzy k-ideals of semirings, Fuzzy Sets and Systems 95 (1998) 103–108.
[18] J. Zhan, Z. Tan, T -fuzzy k-ideals of semirings, Sci. Math. Japan. 58 (2003) 597–601.
[19] Y.B. Jun, M.A. Özürk, S.Z. Song, On fuzzy h-ideals in hemirings, Inform. Sci. 162 (2004) 211–226.
[20] J. Ahsan, Semirings characterized by their fuzzy ideals, J. Fuzzy Math. 6 (1998) 181–192.
[21] W.A. Dudek, M. Shabir, I. Ali, (α, β)-fuzzy ideals of hemirings, Comput. Math. Appl. 58 (2) (2009) 310–321.
[22] Y.B. Jun, A note on (α, β)-fuzzy ideals of hemirings, Comput. Math. Appl. 59 (8) (2010) 2582–2586.
[23] B. Davvaz, (∈,∈ ∨q)-fuzzy subnear-rings and ideals, Soft Comput. 10 (2006) 206–211.
[24] B. Davvaz, P. Corsini, Redefined fuzzy Hv-submodules and many valued implications, Inform. Sci. 177 (2007) 865–875.
[25] B. Davvaz, J. Zhan, K.P. Shum, Generalized fuzzy Hv-submodules endowed with interval valued membership functions, Inform. Sci. 178 (2008)
3147–3159.
[26] M. Aslam, S. Abdullah, N. Amin, Characterizations of gamma LA-semigroups by generalized fuzzy gamma ideals, Int. J. Math. Stat. 11 (1) (2012) 29–50.
[27] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87–96.
[28] K. Atanassov, New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets and Systems 61 (1994) 137–142.
[29] K. Atanassov, Intuitionistic Fuzzy Sets, in: Theory and Applications, Studies in Fuzziness and Soft Computing, vol. 35, Physica-Verlag, Heidelberg, 1999.
[30] W.L. Gau, D.J. Buehre, Vague sets, IEEE Trans. Syst. Man Cybern. 23 (1993) 610–614.
[31] P. Burillo, H. Bustince, Vague sets are intuitionistic fuzzy sets, Fuzzy Sets and Systems 79 (1996) 403–405.
3090 S. Abdullah et al. / Computers and Mathematics with Applications 62 (2011) 3077–3090
[32] W.A. Dudek, Intuitionistic fuzzy h-ideals of hemirings, in: Proc. of the 5th WSEAS Int. Conf. on Non-Linear Analysis, Non-Linear Systems and Chaos,
Bucharest, Romania, 2006, pp. 153–159.
[33] W.A. Dudek, Special types of intuitionistic fuzzy left h-ideals of hemirings, Soft Comput. 12 (2008) 359–364.
[34] D. Coker, M. Demirci, On intuitionistic fuzzy points, Notes IFS 1 (2) (1995) 79–84.
[35] Y.B. Jun, On (Φ,Ψ )-intuitionistic fuzzy fubgroups, KYUNGPOOK Math. J. 45 (2005) 87–94.
[36] M. Aslam, S. Abdullah, (Φ,Ψ )-intuitionistic fuzzy ideals of semigroups, Ital. J. Pure. Appl. Math. 32 (in press).
